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Introduction

An elliptic curve over Q has good, bad additive or bad multiplicative reduc-
tion at each prime p. Each elliptic curve over Q has good reduction at almost
all prime numbers p. Though there are elliptic curves without a prime of mul-
tiplicative reduction, for example the elliptic curves given by the equations
y? = 2% + 1 and y? = 2% + 22, we will prove that this rather exceptional.

Theorem |§| (p. E[) 100% of elliptic curves over Q ordered by height have at
least one prime of multiplicative reduction.

We will also prove that most occurrences of bad reduction are multiplicative.

Theorem (8| (p. . Let p > 4 be a prime number. The proportion of elliptic
curves over Q with multiplicative reduction at p inside the set of elliptic

curves with bad reduction at p is at least (1 — %)2.

Shafarevich proved that for any finite set of primes S, only finitely many
elliptic curves over Q have good reduction outside S, cf. [14] th. 6.1, p. 293].
Moreover, it is even true that there is no elliptic curve over Q which has
everywhere good reduction. In [I6] Siman Wong proved that approximately
17.9% of elliptic curves over Q are semistable, i.e., they have no primes of
additive reduction. Semistable elliptic curves are generally easier to handle
than those with additive reduction at some prime. For example, Wiles proved
the modularity theorem for semistable elliptic curves in 1995, several years
before the general result was proven.

For hyperelliptic curves over QQ the situation is similar. Bad semistable reduc-
tion (see def. [19 and def. is the analogue of bad multiplicative reduction
in the elliptic curve case. Grothendieck’s famous semistable reduction theo-
rem states that any curve over Q has potential semistable reduction at every
prime number p, i.e., there is a finite field extension L of Q over which the
curve has semistable reduction at the places above p. However, almost al-
ways it is the case that given a hyperelliptic curve there is a bad prime for
which we can take L to be Q. To be more precise, we will prove the following
result.

Theorem (p. . Let g be an integer greater than 1. Then 100% of hy-
perelliptic curves over Q of genus g have at least one prime of bad semistable
reduction.



The results will be proven by counting Weierstraf3 equations for which the
discriminant is divisible exactly once by p. In the process of counting such
equations we will use the Lang-Weil estimates and the properties of étale
morphisms between schemes. Furthermore, we will use a sieve method to
count points satisfying a number of congruence conditions. Sieving is a stan-
dard technique in number theory. For example, a similar sieve was used to
prove Brun’s theorem, that states that the sum of the reciprocals of the twin
primes converges to a finite value.

Given a hyperelliptic curve one can consider its Jacobian. It is an abelian
variety. Semi-abelian reduction for abelian varieties (see def. is the ana-
logue of semistable reduction for curves. The semistable reduction theorem
also holds in this case, i.e., for any abelian variety over Q and any prime p
there is a finite field extension L of Q over which the variety has semi-abelian
reduction at all places of L above p. In the last chapter we will prove the
following theorem.

Theorem (p. . Let C' be a hyperelliptic curve of genus g > 2 over QQ
and let p be an odd prime number. Suppose that we have a Weierstraf§ model
of C over Zyy for which the discriminant is divisible exactly once by p. Then
the Jacobian of C' has semi-abelian reduction of toric rank 1 at p.

By combining the results of corollary 28 and theorem [6], we get the following
result.

Corollary 1. 100% of Jacobians of hyperelliptic curves over Q have at least
one prime of semi-abelian reduction of toric rank 1.

To conclude, I would like to thank my advisor David Holmes for his contin-
uing support during the last semester. Furthermore, I would like to thank
Bas Edixhoven for the insightful conversations that helped me to solve many
of my problems.



1 Counting elliptic curves with a bad semistable
prime

In this chapter we are going to look at elliptic curves over Q that have bad
semistable, i.e. multiplicative, reduction at some prime p. We will prove that
a proportion that is approximately (1 — %)2 of the elliptic curves that have
bad reduction at p have bad semistable reduction at p. Furthermore, we will
prove that 100% of elliptic curves have at least one prime of bad semistable
reduction.

First of all let us define some notation that is frequently used.

Definition 2. Let S = Spec A be an affine scheme and let n be an in-
teger. Then the affine space A% = Spec (Alxy,...,x,]) is sometimes de-
noted by A%(z,...,z,) to indicate that the coordinates are called xy, ..., z,.
The projective space P = Proj(A[zo,...,x,]) is sometimes denoted by
P%(xo : ... : x,) to indicate that the coordinates are called z, ..., x,.

Definition 3. Let S be a scheme and let X be a scheme over S. Then X/S
is called projective if it is projective in the sense of [7], i.e., if X is isomorphic
over S to a closed subscheme of P¢ for some non-negative integer n.

Lemma 4. Let S be a scheme and X /S be an open subscheme of A%. Suppose
that A C X is a hypersurfacd| that is smooth over S. Let p € A. Then there
exists an open neighbourhood U C X of p such that there exists a commutative
diagram

AxyU-"—=Art

L

U— =A%

where AY™" — A% is the map (s1,...,80-1) = (S1,--.,80-1,0), such that m
and mo are étale.

Proof. The question is local, hence we may and do assume that S is affine, say
S = Spec A, and that X = D(g) C A%(z1,...,x,) forsome g € A[xy, ..., x,)].
Furthermore, let f € Alzy,...,x,] be such that A = Z(f) € X. Let
B := Alxy,...,zn01]/(f,xps1 - g — 1), then A = Spec B.

Now the module of differentials €25 /5 is the quotient of the free B-module
generated by dzi,...,dz, by the relation 0 = df = ", fidz;, where

Lthis means: globally cut out by one regular element
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fi = % € B. As A/S is smooth, the module Qn /g is locally free of rank
n — 1, by [15], tag 02G1]. Hence, one of the f; does not vanish at p, suppose
w.l.o.g., by swapping coordinates if necessary, that f,, does not vanish.

Then take U = D(f,) C X, it contains p. Next we define m to be the
projection on the first n — 1 coordinates, i.e. the morphism that corresponds
to the ring morphism
A[bh_,,,bn_l] N A[bl,...,bn_l,xl,...,an] ~ B
(931 - bla vy Tp—1 — bn—la f’ Tp41 * gfn - 1)

n

The Jacobian determinant det(dh;/dx;)![2,, where h; = x; — b; for i < n,
and h, = f and hy11 = Tp019fn — 1, is equal to f2- g, which is a unit in By, .

Hence, by [15] tag 02GU]|, the map ; is étale.

Furthermore, we define w5 as the morphism that is the projection on the
first n — 1 coordinates and f on the last coordinate, i.e. the morphism that
corresponds to the ring morphism

Alay,...,an,21,..., T
Alay,. .. a,) — 01, Oy T T > Ay
(r1 —ay, .., Ty — Qpry [ = Qny Tpgr - 9fn — 1)
v, Hi<n—1
a; — e
fifi=n.

The Jacobian determinant det(dz;/dx;)i' 1L, where z; = x; — a; for i < n,
and z, = f —a, and 2,41 = Tpy19fn — 1, is equal to gf2, which is a unit in
Ay, . Hence, by [15] tag 02GU] again, the map 7, is étale. It is easy to see

that m; and 7 make the diagram commute. O

We can apply Lemmato count Z/p*Z-points in varieties, where p is a prime
number.

Lemma 5. Let N,n € Z~o be positive integers, let p be a prime number not
dividing N and let f € Z[1/N,xy,...,x,|. Let X be an open subscheme of
A%(xy,...,x,), where S = Spec(Z[1/N]). Fori = 0,...,p — 1, let H; be
the hypersurfaces in X given by the equation f —ip = 0. Suppose that H; is
smooth over S for each i € {0,...,p—1}. Then for everyi=0,...,p—1 and
every point (r1,...,m,) € Ho(F,) there exist exactly p™~* lifts in H;(Z/p*Z).

Proof. Let r = (r1,...,1,) € Hy(F,) be an arbitrary point. Remark that
there is a canonical one-to-one correspondence between Hy(F,) and H;(F,),

5


http://stacks.math.columbia.edu/tag/02G1
http://stacks.math.columbia.edu/tag/02GU
http://stacks.math.columbia.edu/tag/02GU

hence we will consider r as point of H;(F,). Let P be the closed point of H;
corresponding to this point. Apply lemma {4 to this point P to find an open
neighbourhood U of P € X and m : H; xx U — Ag_l with m; étale.

SpeC]Fp4>Hi X x U

|

Spec Z/p*Z AY!

As m; is étale, it is also formally étale. Hence, every pair of an element
of H;(F,) xx(r,) U(F,) and an element of A% (Z/p*Z) = (Z/p*Z)"~" that
are compatible via m; and the reduction map A% Y(Z/p*Z) — A% (F,) will
give rise to a unique point of H;(Z/p*Z) X x(z/p2z) U(Z/p*Z). Furthermore,
every element of H;(Z/p*Z) X x 2z U(Z/P*Z) gives rise to an element of
H;(F,) xx,) U(F,) and an element of AZ'(Z/p*Z), i.e. there is a one-to-
one correspondence. Remark that the number of points of (Z/p?Z)"! that
reduce to 7 (r) is p"~'. In other words, every element of H;(F,) X x,) U(F,)
has exactly p" ! lifts in H;(Z/p*Z) X x 222y U(Z/p°7Z).

We conclude by proving for R = SpecF, and R = SpecZ/p*Z that elements
of H;(R) x x(ry U(R) whose image is P canonically correspond to elements
of H;(R) whose image is P. For this, remark that H; xx U — H; xx X = H;
is an open immersion as open immersions are stable under base change.
For an open immersion the mentioned property is clear: for every map
¢ : R — H; xx X there is a unique map R — H; Xx U which is given
on sheaves by restricting . O

For the next part we consider the map
72\ {(a,b) : 4a® + 27b* = 0} — {elliptic curves over Q}

mapping (a,b) to the curve given by y* = 23 + ax + b. Every elliptic curve is
isomorphic to one of these curves. From [14, table 3.1, p. 45] it follows that
two pairs (a,b) and (¢, d) give rise to isomorphic curves over Q if and only if
there exists an f € Q* such that ¢ = fa and d = f°b. Hence, we consider
the subset L of Z? consisting of these pairs (a,b) such that 4a® + 27b* # 0
and such that there does not exist a prime p such that p* | a and p® | b. Then
each isomorphism class of elliptic curves over Q corresponds to exactly one
element of L. Furthermore, for B € Rlet Ly :={P € L : h(P) < B} for the
height function h defined by h((a, b)) = max{|al,|b|}.

Proposition 6. Let p > 4 be a prime number. Then there are p elements
(a,b) € F2 such that 4a® + 27b* = 0.



Proof. First of all remark that (0,0) is a solution. If (a,b) is a non-zero
solution, then both a and b are non-zero and we can consider A = ¢ € F;.
Then the equation becomes 0 = 4a® + 27b* = a?(4a + 272\?) = 0. Hence, for
each A € IF} there is a unique a € F}; such that (a, A - a) is a solution, namely
a = —%)\2. Therefore, there are p solutions in IF]% to the equation. O

Lemma 7. Let p > 4 be a prime number. Then there are p(p — 1)* pairs
(a,b) in (Z/p*Z)* such that 4a® + 27v* € pZ/p*Z\ {0} and there are 2p* —p
pairs with 4a® 4+ 276* = 0 € Z/p*Z.

Proof. For this proof we will count the points (a,b) € (Z/p*Z)?* satisfying
A(a,b) := 4a® + 270> = 0 € Z/p*Z and points with A(a,b) € pZ/p*Z \ {0}.
First we are going to define some schemes.

Consider the hypersurfaces A} = Z(A(a,b) — kp) C A%WG](@, b) where
k=0,...,p—1. As they are not smooth, we intersect them with the open
subscheme T := D, (a) U D, (b) C A%[lm](a, b) to get hypersurfaces Ay of T
The hypersurfaces are smooth over S := Spec(Z[1/6]) (as either 3 - 64 - a® or
—32-27-b% is a unit) and hence they satisfy the conditions of lemma

For every non-zero pair (a/,b') € IF]Q, with A(a’,b') = 0 we find a point in
A((F,). By proposition [f] there are p — 1 such non-zero pairs (a’,V'). By
lemma | for every k = 0,...,p—1 there are p lifts (a,b) € (Z/p*Z)? of (d', V')
such that A(a,b) = kp. For the point (0,0) € F2 all lifts (a,b) € (Z/p*Z)?
satisfy A(a,b) = 0. In total we found p(p — 1)? points (a,b) with A(a,b) =0
mod p and A(a,b) # 0 € Z/p*Z and p* + (p — 1)p = 2p? — p points with
A(a,b) = 0. O

Theorem 8. Let p > 4 be a prime number. For every B € R let Zg C Lg
be the subsets of pairs corresponding to elliptic curves with bad reduction at p
and let Sg C Zp be the subsets of pairs corresponding to elliptic curves with
multiplicative reduction (also called bad semistable reduction) at p. Then

Proof. Let B € R and let k be a positive integer. The main part of the proof
of this theorem consists of giving a lower bound for |Sg| and an upper bound
for |Zg|. Let pi,ps,... be the prime numbers not equal to p in increasing
order. Let my = [15, p%, My = p* - mu, mi = [[1_, ¢ and Ny = p? - ny..

Note that the curves corresponding to (a,b) € L have bad reduction at p if
and only if A(a,b) =0 mod p. First we consider the elements (a, b) € L with
A(a,b) = p,2p,...,p> —p mod p?. Such elements have the property that



A(a, b) is divisible by p but not by p*. Then the corresponding elliptic curves
have multiplicative reduction at p, i.e., they have bad semistable reduction
at p. We will give a lower bound on the number of such elements and hence
a lower bound on |Sg|.

Let @ be the largest integer multiple of M}, strictly smaller than B and let
R be the largest integer multiple of Nj strictly smaller than B. Then in
Ig :={—|B|,...,|B]} every residue class of Z/M;Z (resp. Z/N,Z) has at

2 . . . .
least (resp. ?VR) representatlves Hence every pair of residue classes in

Z/MkZ X Z/NyZ has at least 57

representatlves inIg x Ig.

In Ip x Ip we consider the subset {2 consisting of pairs (a,b) such that
Aa,b) = p,..., or p* —p mod p* and (a,b) # (0,0) € Z/p}Z x Z]pSZ for
all i = 1,..., k. Denote by W := []i_,(p!° — 1) the number of elements in
Z/npZ X 7.)myZ satistying the latter conditions modulo p; for i = 1,... k.
The number of elements in Z/p*Z satisfying the first condition is p(p — 1)?
according to theorem [7] Then the number of elements in Z/NyZ x Z/MZ
satisfying all the conditions is W-p(p—1)? by the Chinese remainder theorem.

Hence, there are at least Wp(p — 1) - &Qﬁ elements in €.

However, not all elements (a,b) of € will necessarily be elements of L. The
conditions imply that A(a,b) # 0 for such pairs, however, there might still
exist a prime ¢ satisfying p, < ¢ < Bi such that q* | aand ¢° | b. We will give
an upper bound on the number of elements in €2 for which such a prime ¢ ex-
ists. We consider the reduction of the elements of Q) in Z/M.q*Z x Z /quGZ
In Ip every residue class modulo M;q* resp. Nyq® has at most 27 4 + 4

resp. 245 6 + 4 representatives. Of the M,N, classes that reduce to 0 in
Z/q" 7 x 7 /¢°Z only Wp(p — 1)? occur in Q by the Chinese remainder theo-
rem. Hence, there are at most Wp(p — 1)% - (2 qu4 +4)(2 quf" + 4) elements

in Q such that q*| a and ¢° | b. Now we want to find an upper bound on the
sumZ( 4+4)( 6—1—4).

We can boundz - for j =4,6,10 by foo Ldr = G Spj,l and > 1 by Bi.
- k

We find that the sum we wanted to bound is at most

QR | 8Q | 8R | epy 40K <L+E(B)>

IMpNyp) — 3Myp} — 5Nyp;, MN, \9p}
where ¢(B) = O(B™!) as we will let B — oco. The lower bound for the
number of elements in Sp now becomes Wp(p — 1)? - ]\fﬁk (1-— T —e(B)).
k

On the other hand to find an upper bound for Zp we first notice that each
class of Z/M,.Z x 7./ N} Z has at most (]2\/[—2 + 4)(]2\[—2 +4) representatives in Ip.
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There are W-p? classes (a,b) in Z /M ZxZ/N,Z such that A(a,b) =0 mod p
and (a,b) # (0,0) € Z/piZ x Z/pZ for all i = 1,..., k. We immediately
find the upper bound Wp? - (Z(i + 4)(]2VR +4) for |ZB|.

SB
Zp

(-2 (2255 (- 2%) ()
(-2 () -

Hence, liminfp % > (1- %)2(1 - #) for all & € N. The result follows
k

nowas#%Oask%oo. O
k

Finally we conclude that the quotient Zpl | is bounded from below by

Theorem 9. For each B € R let Qp C Lg be the subset of pairs correspond-
ing to elliptic curves without a prime of semistable bad reduction. Then
Q5|

llmsupB_>oo m =0.

Proof. Let p1,ps,... be the prime numbers ordered in the natural way and
let £ > 3 be an integer. Let M) = Hf:lp;1 and Nj, = Hlep?. For a fixed
B € Ry let Ip := {—|B],...,|B]J}. Let @ and R be the largest integer
multiples of My, resp. Ny, smaller than B. In Iz X Iz we consider the subset
Q of pairs (a,b) such that A(a,b) = p,2p,..., or p*> —p mod p? for some
p € {ps,...,px} and (a,b) # (0,0) € Z/p*Z x Z/p°Z for all p € {p1,...,px}

There are []1_, (pi° — 1) classes (a,b) € Z/Mj, x Z/Ny, that satisfy the latter
condition that (a,b) # (0,0) € Z/p*Z x Z/p°Z for all p € {p1,...,pr}
By lemma [7 for each p € {ps,...,px} there are p* — (p — 1)*p classes
(a,b) € Z/p*Z x Z/p*Z such that A(a,b) # p,2p,..., or p>* —p mod p*.
Hence, there are p'® — 1 — (p — 1)%p” non-zero classes (a,b) € Z/p*Z x 7./ p°Z
satisfying this condition (remark that 0 did satisfy the condition). Therefore,
there are

k

k
W= 110 -1 - @0 - DE° - DILE° — 1 - - 1%])

i=1 =3

classes (a,b) in Z/MZ x Z/NyZ such that for each of these pairs there is at
least one p € {ps,...,pr} such that A(a,b) =p,2p,..., or p> —p mod p°.

Each residue class of Z/M7Z x 7./ N,Z has at least 4 -

Ip x Ip and hence §2 contains at least 5; W1 elements However, not all

representatives in

9



of them lie in L, for some pairs (a,b) €  there might still exist a prime ¢

1
satisfying pr < ¢ < Q% such that ¢* | @ and ¢° | b. In the same way as in the
previous proof we will find that there are at most > Wy ( ]\234 +4)( J\?:zﬁ +4)

such elements. Hence, the sum will be bounded by W, - L . (ﬁ +¢(B))
k

M, Ny

as before. Hence, |[Lp N Q| > W - AA}QJ@ (1— # —¢(B)). As every curve in
k

L N Q has bad semistable reduction at ps, ..., or pg, this also provides for

a lower bound for |Lg \ Qp|.

On the other hand, we consider the subset A of Iz X Ip of elements (a,b)
such that there exists no prime number p such that both p* | @ and p°® | .
By the Chinese remainder theorem there are Wy := [, (pl% — 1) classes
(a,b) € Z/MyZ x 7/ Ny Z satisfying this condition. Furthermore, each repre-
sentative class has at most (]2\4—2 + 4)(% + 4) representatives in Iy X Ig. In

this way, we find the upper bound |Lg| < W5 - (% + 4)(% +4).

Now we conclude that
(= [ (e

W, 1 1
= (1-— —).
m (ar) o (5)

In particular 1 — limsupp_, % = lim 1nfBﬁoO ‘LfL\Q‘B‘ > %(1 — #). Now
k

it suffices to show that limy_, ., %(1 50 ) = 1. Remark that

w T(1_ =D

1
MR NS
W, g ( 1 )
W1

Surely the product limy o0 (1 — 35) converges to some number in [0, 1]. Sup-
pose that it is non-zero. Then the infinite product would converge to a non-
zero number and the convergence criterium for infinite product (see for exam-

ple [8, th. 4, p. 220]) would tell us that 32 (mpm_)lpf converges as M — 00.

M _1)2p7
Then also Ziﬂ]% must converge as M — oo, because (p;lo—)lp’ ~ ;%
- T 7 - K

1 — 00. However, by the prime number theorem we have p; ~ ¢log, hence
also sz\iz 1/(ilog7) must converge as M — oo. This, however, is false as

as

sz di/(ilogi) = loglog M —loglog 2 does not converge as M — oo. We get
a contradiction and hence the product converges to 0. O]

10



2 Counting hyperelliptic curves with a bad
semistable prime

In this chapter we will prove a result for hyperelliptic curves of a similar
form to our result for elliptic curves in the previous chapter. The following
proposition will help us to generalise the sufficient criterion for semistable
reduction that we had for elliptic curves to the case of hyperelliptic curves.
This proposition is a classical corollary of Hensel’s lemma. However, we will
give a proof for this proposition in the language of algebraic geometry.

Proposition 10. Let k be a field of characteristic not equal to 2. Let a € k
and let f € k[z] be such that f(a) is a non-zero square. Then there exists a
g € k[[x — a]] such that f = g* € k[[x — d]].

Proof. Let R = k[[x — a]], and let ¥ : R — R[t]/(t* — f) be the natural
morphism. Remark that 2 € k* and f € k[[x — a]]* as k[[x — a]] is a discrete
valuation ring and f ¢ (z — a) - k[[x — a]]. Hence, w = 2t is a unit in
R[t]/(t* — f), because 2 and t? = f are units. Hence, v is standard étale. In

particular, it is formally étale.

Spec <(x—1_%a)) —— Spec (%)

7
-
~
-
~
~

Spec ((xf”a)Q ) Spec R

Let by € k be such that 0 = b —a = b3 — f in R/(x — a), which exists
because a is assumed to be a square. Then, by the fact that 1 is formally
étale, there is a unique by € R/(x — a)? such that by = by € R/(x — a)
and b3 — f = 0 € R/(x — a)?>. Applying this again, we find an element
by € R/(z — a)3, restricting to by such that b2 — f = 0 € R/(z — a)3, et
cetera. Now let g = lim,, o b,. then ¢> — f = 0 € R and we are done. [

Lemma 11. Let k be a field of characteristic not equal to 2 and let f € k|x]
be a non-zero polynomial. Let C be the scheme Z(y* — f) C Ai(z,y). Let

P = (Ps,Dy) € % be a closed point of Cr. If py # 0 or p, is a single zero of
f, then Cy is smooth at p. If p, is a zero of order two of f, then p is an

ordinary double point, i.e. (9/c;, = k[T, Tr]] /(1 T).

11



Proof. To see that Cy is smooth at p use the Jacobian criterion: %(p) =0
if and only if p, = 0 if and only if f(p,) = 0 and in this case %(px) = 0 if
and only if p, is a zero with multiplicity higher than 1 of f. Hence, C% is
smooth at p, if p, # 0 or p, is a single zero of f.

Now suppose that p, is a double zero. Write f = (x — p,)%*g for some
g € k[z]. Then g(p,) # 0, hence g = h? for some h € k[[z — p,]] by
proposition . Hence, the completed local ring of C3 at p is isomorphic
to k[[z — po, yll/(y — (z — pe))(y + (& — pa)h) = k[[a,b]/(ab) by taking
a=1y—(xr—p)hand b = y+ (z — pu)h, cf. [12, p. 506]. Furthermore
Cy is reduced as f is non-zero and hence y* — f has no irreducible factors
with multiplicity higher than 1 in its factorisation. This proves that p is an
ordinary double point of Cx. n

Next we will give the definition of a weighted projective space.

Definition 12. Let R be a ring, let n be a non-negative integer and let
wo, . .., W, be positive integers. Then the weighted projective space over R
with weights wo, . .., w, is the scheme Pg(wo, ..., w,) := Proj(R[xq, ..., x,]),
where the grading of R[zg,...,x,] is such that z; is homogeneous of degree
w; for i = 0,...,n. Sometimes we denote it by Pg(wo, ..., w,)(zo: ... )
to indicate that the coordinates are called z, ..., z,.

Example 13. Let n > 0 and w > 0 be integers. Let R be a ring. Then
Pr(w,...,w)(zo: ...: x,) is isomorphic to P}. The standard opens D (x;)
are the spectra of the rings Rz, ..., %)@ = R[zox; ', ..., z,z; '], and they
glue to Pg(w, ..., w) independently of w.

Example 14. Let g > 1 be an integer and let R be aring. Then the weighted
projective space Pr(1,1,g+ 1)(x : s : y) is covered by the three standard
opens D (z), Di(s) and Dy(y). As R[z,s,y]) = R[sz™, yz797], we have
that D, () is isomorphic to A%. Analogously D, (s) is isomorphic to A%.
However, one can check that the R-algebra

Rlz,s,y]y) = Rlz9y a9y, ... s9Ty ]
cannot be generated by two elements, hence D, (y) is not isomorphic to A%.

Lemma 15. Let R be a noetherian ring, let n be a non-negative integer
and let wy, ..., w, be positive integers. Then the weighted projective space
W :=Pgr(wo,...,wy)(xo : ...:x,) is projective over Spec R.

12



Proof. Let w = [[;_qw;. Give Rlyo,...,y,] the structure of a graded R-
algebra by letting vy, ..., y, be of degree w. Consider the graded R-algebra
homomorphism R[yo, ..., yn] = R[zo,...,x,] defined by y; — x;u/w". As the
D+(x§”/ “) = D, (x;) cover W, this morphism of graded R-algebras induces
a morphism of schemes ¢ : W — P :=Ph(w,...,w)(yo : -..yn) by [15] tag
0IMY].

Remark that R[xg,...,z,] is a finite R[yo, ..., y,]-module, as it is generated
by the monomials of the form " - ... 2% with ¢y € {0,..., i 1}, ...,
en € {0, ..., wﬂn—l}. In particular R[zo, ..., 2n](,) is a finite R[yo, . . ., Yn) )-
module for all ¢ = 0,...,n and the morphism ¢ is finite. Hence, by example

there is a finite morphism ¢ : W — P.

On P% we have the ample sheaf £ := Opn(1). Now let G be a coherent
sheaf on W. By [I5 tag 01Y6]|, .G is a coherent sheaf on P%. Hence,
by [7, prop. II11.5.3, p. 229], there exists an integer ng, such that for each
i > 0 and each n > ng we have H (P%,1,G ® L") = 0. Now L™ is a locally
free sheaf and the projection formule (see for example [15], tag 01E8|) yields
.G @ L" = (G ®Y*(L")). Remark that W and P} are noetherian and
separated over Spec R. Hence, we can use Cech cohomology to conclude that
0= H' (P, . (Gy* (L)) = H' (W, GRY*(L")). As (L") = (Y*L)", this
yields that £ is ample, by using [7, prop. II11.5.3, p. 229] again. In particular
W is projective over Spec R. O]

Let g > 1 be an integer. We are considering curves of the following form over
Q: Z(y*— f(z,s)) CPo(1,1,g+1)(z : s:y) where f(z,s) is a homogeneous
polynomial of degree n := 2¢g + 2 with coefficients in Z and without double
zeros (in PL). We will let f vary over the set of such polynomials.

First, we let S = Spec(Z[%]). Consider the scheme H = A% (co, ..., c,).
It represents the functor that maps a Z[%]—algebra R to the set of homo-
geneous polynomials in two variables x and s of degree n with coefficients
in R, that is, for each Z[3]-algebra R the set H(R) is identified with set

{0 yeixts" € Rlx, 8]}

Definition 16. Let R be a ring. The discriminant A(f) of a polynomial
[ = > cx's" " is defined as the determinant of the modified Sylvester
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matrix

Z Cn—1 Cp—2 0 0 0

0 Cn, Cp—1 O O 0

0 0 Cn 0 0 0

0 0 0 oo C1 Co 0

My:=10 0 0 ca ¢ ¢ |,

zn (n—1)cp—1 (n—2)cp—a 0O 0 0

0 ney, (n—1)cp 0o 0 0

0 0 0 Ce 262 161 0

0 0 0 oo 303 202 ].C1
n(n—1)

where z = (—1)" 2z , the first n — 1 rows contain the coefficients of f(z,1)
and the last n rows contain the coefficients of g—f:(x, 1).

One easily sees that the discriminant A(f) can be expressed as a polynomial
in Zlcy, . .., ¢y], which we will denote by A.

Proposition 17. Let k be a field and suppose that the homogeneous polyno-
mial f =377 ci's"™" € Kz, s] factors as [}, (a;z — Bjs) € klz, s]. Then
A(f) = Hj<g(a65j - Oéjﬁz)2'

Proof. As the equality that we need to prove is an algebraic one it suffices to
prove it on the Zariski dense subset ﬂ?:1 D(«;) of A%"(al, ey Oy By Ba).

Now f(x,1) factors as a [[[_, (z—;) where a = [[}_, a;j and v; = g—’ By the
J

theory of discriminants on univariate polynomials (see for example [10, prop.

8.5, p. 204]) we know that A(f) = a*"2 de(yj—w)Q = de(ozgﬁj—ozjﬁg)z.
]

First we will define what it means for a hyperelliptic curve to have good, bad
and semistable reduction.

Definition 18. For a scheme X/Spec@Q and a ring Z C R C Q we define
an R-model of X to be a scheme X/Spec R together with an isomorphism
X, = X, where 7 is the generic point of Spec R. We say that the model is
proper/projective/flat /smooth/normal if X/ Spec R is.

Definition 19. Let X/ Spec@Q be a proper smooth scheme and let p € Z be
a prime number. Then we say that X has good reduction at p if there exists
a proper smooth Z)-model X of X. We say that X has bad reduction at p
if it does not have good reduction.
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Definition 20. Let k be a field and let C/Speck be a scheme, locally
of finite type, whose irrreducible components are of dimension 1. We call
C semistable if Cy is reduced and if its singular points are ordinary dou-
ble points, i.e., for every singular point x € C} there is an isomorphism

Oc, o = K[[Ty, Tol)/(TV ).

Definition 21. Let X/ SpecQ be a smooth projective scheme of dimension
1 and let p € Z be a prime number. Then we say that X has semistable
reduction at p if there exists a proper flat Z,)-model X of X such that
(X Xspecz,, SpecFy)/ SpecF, is semistable.

Theorem 22. Let g be a positive integer and let f(x,s) € Z[x,s] be a ho-
mogeneous polynomial of degree n = 2g + 2. Let C' be the scheme given by
y* = f(z,s) inside Po(1,1,g + 1)(x : s : y). Let p be an odd prime. If
p 1 A(f), then C has good reduction at p. If p | A(f) and p* 1 A(f), then C

has semistable bad reduction at p.

Proof. First consider the model C = Z(y? — f(z, s)) of C inside the weighted
projective space Pz (1,1,g+1)(z : s : y) over Z,). It is weighted projective,
hence it is projective by lemma . We will check that C is flat over Z,).
As there are no points on C with x = s = 0, it suffices to consider the
affine open D, (s) NC C C (the other affine open D, (x) N C can be treated
analogously). This affine open is isomorphic to Z(y? — f(z,1)) C A%(p)(x, Y)

just like in example The Z,)-module Z, [z, yl/(y* — f(x,1)) is free with
basis {z'y’ : (i,7) € Z=o x {0,1}}, in particular it is flat.

Now, by proposition f(x, 1) € F,[x] has no double zeros in F, if pt A. If
p| A and p? f A, then f has exactly one double zero and no zeros of higher
order by the same proposition. Applying lemma |11} we find that C is smooth
if pt A(f) and it is semistable if p | A(f) and p? { A(f). In particular this
proves the first part of the theorem. To prove that C' has bad reduction at p
in the latter case, we need to check that every other proper flat model is not
smooth.

Suppose on the contrary that there does exist a proper smooth model C of
C'. Because SpecZ, is a regular noetherian scheme and C — SpecZ,) is
a smooth morphism, C is regular by [12, th. 3.36, p. 142]. In particular the
connected components of C are normal by [12] th. 2.17, p. 130]. Furthermore,
C — SpecZgy, is flat, its generic fibre is integral, as it is isomorphic to
Z(y* — f(z,s)) CPg(l,1,9+1)(z : s : y), and SpecZ, is integral. Hence,
[12, prop. 3.8, p. 137] yields that C is integral. Hence, it is connected and it
is normal. 0
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Now let p be an odd prime number. Inside H = A% (cy, ..., ¢,) we consider
the closed subschemes H; := Z(A—ip) C H fori=0,...,p—1. Let S; C H;
be the smooth locus of the map H; — S, it is an open subscheme of H;. Let
N; := H; \ S; be its complement with the induced reduced scheme structure.

Proposition 23. Let k be a field of characteristic not two. Then, the scheme
Hy x g Speck is irreducible.

Proof. Consider the map from A%” to H xg Spec k mapping the 2n-tuple
(a1, B1, ..., Qn, Bn) to the polynomial (ayx — £18) - ...« (apx — Bus). Over
k every univariate polynomial factors in linear factors and therefore every
bivariate homogeneous polynomial factors in linear factors. Hence, this map

is surjective.

Inside A%” consider the closed subscheme given by {a3 = as A 1 = [a}.
It is irreducible and by applying proposition [17] we see that it surjects onto
Hy xg Speck. As the image of an irreducible set is irreducible this proves
that Hy xg Speck is irreducible. O

Lemma 24. The scheme Hy has a smooth point which lies in the fibre of
SpecF, C S.

Proof. Let Z?:_Oz hitox' € Fylz] be a separable polynomial of degree n — 2
not divisible by x, e.g. the minimal polynomial of a non-zero generator of
F,n—2/F,. Then consider the point P € Hj representing the homogeneous
polynomial h = Y , hja's"™" € Fp[x, s] in Hy. Then the claim is that P is
a smooth point of Hj.

To prove the latter we will calculate the tangent space at P of Hy and H. The
tangent space can be identified to the set of morphisms p from Spec (F,[¢]/?)
to Hy resp. H such that the image of p is P. That is, the tangent space of
H at P consists of polynomials f = Y"1 | fyz's"™" € F,le, z, s]/e? such that
the reduction f € F,[z, s] is equal to h. The tangent space of Hy at P is the
subspace consisting of these polynomials f that satisfy A(f) = 0. We will
prove that this subspace has codimension 1. As P is a smooth point of H,
this will immediately prove that P is a smooth point in the fibre above p of
H,.
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n(n—1)
-

Consider the modified Sylvester matrix of f, where z = (—1)

z fn—l fn_2 0 0 0
0 3 foy ... 0 0 0
0 0 0 . fi o 0
0 0 0 . fo i fo
zn m—=1)foer =2)fpa ... 0 0 0
0 0 0 .. 2% f O
0 0 0 .. 3fs 2fs fi

Now, we are going to calculate its determinant by expanding at the rightmost
column. Remark that fy and f; will be multiples of ¢ as h is a multiple of
22, For this reason, the contribution from the bottom entry in the rightmost
column, f;, will be zero, as all entries except the bottom entry of the second
rightmost column are also multiples of €. Hence, we only get a non-zero
contribution from the n-th entry of the rightmost column, f,. If we then
expand the residual matrix in the rightmost column, we see that we only
get a non-zero contribution from the bottom entry, 2f,. To summarize, the
determinant of the matrix is equal to

g (_1)(2n71)+(n71)+(2n72)+(2n72) . 2f1f2 .det M = (_1)11 . 2f1f2 . det M,

where
z fn—l fn—2 .o 0 0
O fn fn—l e 0 O
0 0 0 ... fi 0
zn (n—1Dfoor n—2)f2 ... 0 0
0 0 0 oo 2fs 0
0 0 0 S 3fs 2fy

As f1 is a multiple of ¢, we get that 7 = (—1)" - 2f,hy - det M, where M is
the reduction of M to [F,. Remark, that by subtracting the first row from
the n-th row in M, the second row from the n + 1-st row, the third row from
the n + 2-nd row, and so on, we get the following matrix, where we define h;

17



to be zero.

z hn—l hn_g 0 0
O hn hn—l O 0
0 0 0 oo hy 0
0 0 0 oo hy Iy
zin—1) m—=2)hyy N =3)hpe ... 0 0
0 0 0 oo hy 0
0 0 0 ... 2h3 hy

The determinant of M is equal to the determinant of the above matrix which
is, by definition, equal to the determinant of % As Z;:o2 hiyox® was chosen
to be separable and not divisible by z, also the polynomial h,z" '+ ...+ h;
is separable. Remark that this in particular implies that hy # 0. Hence, by
proposition , its discriminant is non-zero. Now, (—1)", 2, hy and det M
are all non-zero. Hence, 7 = 0 is equivalent to the non-zero linear condition
fi = 0 and the tangent space has indeed codimension 1, as we wanted to
prove.

Now we will use the third criterion of [15], tag 01V9] to prove that P is a
smooth point of Hy. Remark that the stalk of the sheaf of differentials is
dual to the tangent space, by [15] tag 00TR]. Hence, the only thing that we
need to check is that the map of local rings Z,) = Og, — O, p is flat. In
fact, we will prove that Hy/S is flat.

We already showed that the irreducible scheme Hy X g SpecF, has a smooth
point. In particular, A must be irreducible in F|cy, . .., c,], hence it is also
irreducible in Q[co,...,c,]. Hence, Hy is an integral scheme. For every
odd prime number ¢ there exist separable polynomials over FFy, i.e., not all
coefficients of A are divisible by ¢. Hence, the morphism H, — S is not
constant and hence [12] cor. 4.3.10, p. 137] implies that it is flat. ]

Corollary 25. For every i = 0,...,p — 1 the scheme H; is irreducible of
dimension n + 1.

Proof. We know that X := Hj xg SpeclF, is irreducible by proposition
and that X # H xg SpecF, = Ag:l as there exist separable polynomials of

degree n over F,. Hence, X is a hypersurface and A€ F,[co, ..., c,] must
be a power of an irreducible polynomial. By proposition [24] we know that
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X has at least one smooth point. Hence, A actually must be an irreducible
polynomial.

Remark that A is homogeneous of degree 2n — 2 and one of the coeffi-
cients of A is not divisible by p by the observations just made. Hence,
A —ip € Zco, . . ., ¢,) is irreducible for all i = 0,...,p— 1. This implies that
H; is irreducible. As H; is a hypersurface of Ag“ which has dimension n + 2,

it has dimension n + 1. O]
Theorem 26. For everyi =0,...,p—1 the space N; has dimension at most
n.

Proof. As H; x ¢SpecF,, is naturally isomorphic to Hy x gSpecF,, we know by
lemma [24] that H; has a smooth point. Therefore, N; is a closed subscheme
of H; and it does not contain all points of H;. By corollary [25| we have that
H; is an irreducible scheme of dimension n + 1. Hence, IN; has dimension at
most n. 0

Again we will use lemma [5| to do some counting. Let X be an open subset
of H = Agﬂ such that X N H; = S; and equip it with the structure of
an open subscheme of H. Write X = U;nzl D(g;) for some polynomials
gj € Z[%, o, - - - ,cn]ﬁ Let s, be the number of elements of Sy(F,) and let n,
be the number of elements of Hy(F,) \ So(F,) = No(F,).

Lemma 27. There exists a constant C, such that for every odd prime p there
1

are at least p*" ™' — Cp*"T2 elements (ayg,...,a,) € (Z/p*Z)"* satisfying

Aldo, - - n) € {p,2p, .., P* — p} C Z/p?L.

Proof. By proposition [23|we know that H,x sSpecF, is absolutely irreducible
of dimension n. In particular, Sy x ¢SpeclF,, is reduced, absolutely irreducible
of dimension n, because it is a non-empty open subscheme and it is smooth
over the base. As Sy is of the form of the scheme in theorem [52, we can
apply the Lang-Weil estimate of theorem [52| to conclude that there exists a
constant D not depending on p, such that |s, — p"| < Dp”*%.

Now we are going to apply lemma 5| Remarking that S;(F,) = So(F,) for all
1=0,...,p— 1, this lemma will tell us that for each 7 =0,...,p — 1 the set
Si(Z/p*Z) contains p™ - s, elements. That is, each of these sets contains at

least p?* — ngn_% elements.

2Here we could take the g; to be the derivatives of A.
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Remark that S;(Z/p*Z) only contains elements (ao,...,a,) € (Z/p*Z)"
that satisfy A(ag,...,a,) =1i-p € Z/p?Z. Hence, there are at least

1

(p— 1)(p2n . Dp2”*2) _ p2n+1 . Dp2n+% _ p2n + Dpzn*% > p2n+1 . Cp2n+%
elements in (Z/p?Z)"*! satisfying the conditions of the lemma statement,
where we take C' to be 2D + 1. O

Now we are ready to state and prove an analogue of theorem [J for hyperel-
liptic curves. Let L C Z™™ be the subset of n + 1-tuples (cy,...,c,) such
that A(cg,...,c,) # 0, i.e. such that f = c,2" + ¢, 12" ts + ... + ¢ps" does
not have a double zero. Such an n + 1-tuple defines a hyperelliptic curve
over Q by means of the equation y*> = f. Such a tuple is called nowhere
bad semistable if the corresponding hyperelliptic curve does not have bad
semistable reduction at p for every prime p. For any B € R let Lg the subset
of n + 1-tuples (co, ..., ¢,) such that |¢;] < B fori=0,...,n.

Corollary 28. For ecvery B € R let Qg C Lp be the subset of tuples

(o, - .., Cn) such that there does not exist a prime p satisfying p | A(co, .. ., cp)
and p* 1 A(co, . .., ¢n). Then limsupg_, % = 0.
Proof. Let pi1,pa,... be the odd prime numbers ordered in the usual way

and let k£ € Z-y be a positive integer. Let M, = Hle p?. For B € Ry
let I = {—|B]J,...,|B]} C Z. Let @ be the largest integer multiple
of M smaller than B. In I5"™' we consider the subset 2 of n + 1-tuples
(ag, .. .,a,) such that A(ag,...,a,) =p,2p,..., or p> —p mod p? for some
peA{p,- - o}

For every p € {p1,...,pr} at least p*"*1 — C’p2n+% of the p*"*2 residue classes

(A, B) of (Z/p?Z)"" satisfy the condition A(114,B) =p,2p,..., or p> —p.
That is, there are at most p**+2 —p?"*+1 + Cp?"*2 elements that do not satisfy
the conditions.

By applying the Chinese remainder theorem we get that there are at most
nal
Hle(p%“ —pt C’p? +2) classes (Ao, ..., A,) in (Z/MyZ)"*! for which

there is no 4 such that A(Ay,...,4,) = pi,2pi,..., or p? — p; mod p?.
Each class (Ag,...,A,) € (Z/MyZ)" has at least (]2\4—2)’”rl and at most

(12\4_2 + 4)"*! representatives in Ij5t".

Remark that every tuple (co,...,c,) satisfying both p | A(co,...,c,) and
p* 1 A(cg, - .., cp), also satisfies A(ag, .. .,a,) # 0. Hence, Lg \ @Qp contains
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at least

(L_Q)HH (M:H _ ﬁ( 22 pintl 4 o) 2n+t3 ))
k

— (20)"*! (1 _ f[ (1 —p + Cpy 3))

elements. Furthermore Ig contains at most 1 4+ 2Q) + 2Mx < 2Q + 4M;
elements, hence Lp contains at most (2Q + 4My )" elements. We combine
the two inequalities to get

|Ls \ @5l o 2Q mH u
W?Uk,B-— (m) '(1—1_[(1_191 + Cp; )

=1

M\C»J

Njw

1

3 -
Remark that p;* — Cp; 2 ~ p; ! as i — oco. Hence, ZZ i —Cp;® = 00

if M — oo and by the product convergence crlterlon (see for example [8]

th. 4, p. 220]), the product [[;°,(1 — p; ' + Cp; ) must converge to 0. In
particular, we have

@] e L\ @Bl
E S i TR L

ad 3
:1—H<1—pz +Cp12) 1.
=1

Q5|

Hence, limsupg_, ., o SO and the other inequality trivially holds. ]
Corollary 29. For every B € R let W C Lp be the subset of nowhere bad
semistable tuples. Then limsupg_, % =0

Proof. For any tuple (co,...,¢,) such that we have p | A(c,...,c,) and
p? 1 Alco, ..., c,) for some odd prime number p, its associated hyperelliptic
curve has bad semistable reduction at p by theorem 22} The statement now
follows immediately from corollary [28| O
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3 Semi-abelian reduction of hyperelliptic Ja-
cobians

Suppose that we have a hyperelliptic curve C' over Q given by y* = f(x,s)
and suppose that the discriminant of f is divisible exactly once by the prime
number p. Then we will prove that the Jacobian of C has bad semi-abelian
reduction of toric rank 1 at p. In particular, by corollary [28| for almost all
hyperelliptic Jacobians there is a prime p such that its reduction at p has
this property.

First let us give some definitions.

Definition 30. A group scheme over S is a scheme G/S together with a
factorisation of the functor of points Sch/S — Set through the forgetful
functor Grp — Set. For two group schemes G/S and H/S a morphism
from G to H is a morphism of schemes G — H, such that for each object
X € Sch/S, the map G(X) — H(X) is a morphism of groups. A group
scheme G/S is called commutative if all groups G(X) for X € Sch/S are
abelian.

Example 31. Let k be a field and let G,, be the scheme Spec (k[x, z7']).
For every scheme X/k the set G,,(X) = {k[z,27!] — Ox(X)} = Ox(X)*
is a group by taking the product of Ox(X)* as the group operation. This is
functorial and hence it gives a factorisation Sch/S — Grp — Set of G,,(—).
The induced group scheme is also denoted by G,,. It is a commutative group
scheme.

Definition 32. Let GG be a group scheme over S. Then we define the unit
section of G to be the morphism e : S — G that is the identity element of
the group G(S).

Remark 33. By [15] tag 047L] a group scheme over a field is always separated.

Definition 34. Let f : G — H be a morphism of group schemes over S.
Then we define the kernel of f to be ker f : G Xy S — G, where we consider
S to be an H-scheme via the unit section ey and ker f is the first projection.

Remark 35. We will show that the scheme K := G xpy S is a group scheme
over S. For every X € Sch/S the group K(X) consists of these elements
of (g,5) € G(X) x S(X) such that fx(g9) = (eg)x(s). Note that the group
S(X) has one element, namely the structure morphism s : X — S of X/S.
By functoriality we have that (ey)x(s) = ey os € H(X) is the identity
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element. Hence, K(X) can be identified with the subset of elements in G(X)
that map to the identity element in H(X), i.e., the kernel of G(X) — H(X).
This gives K the structure of a group scheme.

Now we are ready to define the main objects of this chapter.

Definition 36. Let S be a scheme and g € Z-, a non-negative integer. An
abelian scheme of relative dimension g over S is a group scheme A/S that is
proper, smooth, and whose geometric fibres are connected and of dimension

g.

Definition 37. Let k be a field, let A = G, over k for some n € Z, let C
be an abelian scheme over Speck and let B be a group scheme over Spec k.
Let 0 = A — B — C — 0 be a sequence of morphisms of group schemes
over Spec k. Then we say that this sequence is an ezact sequence if B — C'
is smooth and surjective, and A = ker (B — C) both as scheme over B and
as group scheme over Spec k.

Remark 38. In general a sequence of group schemes 0 -+ A — B — C — 0
is said to be exact if A is the kernel of B — C and B — C is surjective in
the fppf topology. In our case these two definitions are equivalent. Namely,
if B — (' is smooth surjective, then it is fppf and hence surjective in the fppf
topology. On the other hand, suppose that B — (' is surjective in the fppf
topology. Then this yields that there exists a diagram

C/

i

B——C

such that g is fppf. In particular, the map p : B — C' from the exact sequence
is surjective. By base changing to B using the map p, we get a diagram

C'xcB—>=BxcB-2+B

J{p’ ipl ip
e e

g

in which p; and py are the projections onto the first and second coordinate
and the two squares are cartesian. The morphism ¢ : B Xgpeck A = B X¢ B
that maps (b, a) to (b, ab) is an isomorphism. Furthermore p; o) is the first
projection B Xgpeck A — B and as a base change of the smooth morphism
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A — Speck it is smooth. Hence, p; is smooth and hence also p’ is smooth.
By [15, tag 02VL] smoothness is fppf-local on the base, hence p is smooth as

g is fppf.

Definition 39. Let k be an algebraically closed field, let G/ Spec k be a com-
mutative group scheme and let r be a non-negative integer. Then G is called
a semi-abelian of toric rank r if it is smooth and connected and there exists
an abelian scheme A/ Spec k and an exact sequence 0 - G}, - G — A — 0.

Lemma 40. Let k be an algebraically closed field and let G/ Spec k be a group
scheme. Let r,r" be two non-negative integers such that G is semi-abelian of
toric rank both r and r'. Then r =1’

Proof. Suppose that two exact sequences 0 — G, — G — A — 0 and
0= G’ — G — A — 0 as in definition 39| are given. Let ¢ and ¢’ be the
relative dimensions of A respectively A’ over Spec k. We will prove that the
relative dimension of G over A (resp. A’) is the same as the relative dimension
of its kernel G”, (resp. G') over Spec k, which is 7 (resp. 7'). Then we find
that r+g=1"+4¢"

To prove our claim we will use [15, tag 02NM]. Remark that G — A is
smooth surjective by definition. In particular it is flat and locally of finite
presentation. Moreover, as A — Speck is smooth, also G — Speck is
smooth. Hence, G is locally noetherian and hence the fibres of G — A are
locally noetherian. Furthermore, all local rings of these fibres are Cohen-
Macaulay, because they are regular local rings. Hence, the fibres are Cohen-
Macaulay and we can apply the lemma. As G is connected, it will follow
that G — A is equidimensional of some relative dimension d and then the
base change G], — Spec k must be equidimensional of that same dimension
d. Then we get that d = r (resp. d = 1’ for the morphism G — A’) and we
are done.

Next we will prove that the sequence 0 — G} (k) — G(k) — A(k) — 0 is
still exact. The left exactness follows from remark B3 Remark that both G
and A are locally of finite type over k. Hence, to prove surjectivity of the
morphism G(k) — A(k) we may and will assume that

_ M) nd A — (k[yh---,yk])
G Spec((fla...,fm) . dA Spec (gl,...,gg) )

Suppose that a € A(k) is a point and let p be the corresponding point (i.e. its
image) of A. It is a closed point, hence its preimage is non-empty and closed.
As G is of finite type over k, this implies that the preimage of p contains a
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closed point q. By the weak Nullstellensatz this point corresponds to a point
of G(k), because k is algebraically closed.

Let p be a prime number, not a multiple of char k. Then consider the p-
torsion subgroups of G (k), G(k) and A(k). By basic group theory, the
sequence 0 — G (k)[p] — G(k)[p] — A(k)[p] is exact. Now we will prove
that the last map is surjective. Let a € A(k)[p] be an element. Then there
is a g1 € G(k) that maps to it. Then p - g; maps to 0 and hence it is the
image of an element f € G} (k). Remark that G,,(k) = k* is a p-divisible
group, because k is algebraically closed and hence the equation X? — f has
a solution. In particular G! (k) is also p-divisible and f = p - h for some
h € GI (k). Let go be the image of h in G(k) and consider g := g3 — ga. As
go maps to 0 in A(k), this element maps to a. Furthermore, we have p-g =0
as the difference between f, which maps to p - g1, and p - h, which maps to
D - ga, is zero by construction. Hence, g € G(k)[p] lies in the preimage of a
and the map is surjective.

In particular, we have an exact sequence
0= Gy, (k)[p] = G(k)[p] = A(k)[p] = 0.

We know that G, (k)[p] is isomorphic to (Z/pZ)" as Z/pZ-module, because p
is coprime to char k and hence k* has exactly p roots of unity of order p. On
the other hand, by [13, §6, p. 64], the group A(k)[p] is isomorphic to (Z/pZ)9.
In particular, we find that G(k)[p] has p**" elements. Analogously, we find
that it has p?'*"" elements. We see that r + 2g = 7’ + 2¢’. Altogether, this
yields r = r’ and g = ¢/, which proves what we wanted to prove. ]

Remark 41. In fact, there is even more we can say. As there are no non-
trivial morphisms from a torus to an abelian variety, the tori G”, and G7, are
maximal inside G, hence, cf. [4, th. 6.6, p. 220], they are conjugated. As G
is assumed to be commutative, this means that they are the same subgroup
scheme of GG. Then also the quotients A and A’, taken in the fppf topology,
are uniquely unique. In particular there is an isomorphism between the exact
sequences 0 — G7 — G — A — 0and 0 = G — G — A — 0 that is the
identity on the middle term, G.

Definition 42. A group scheme G/S is called semi-abelian if it is separated,
smooth and all its geometric fibres are semi-abelian.

Definition 43. Let A/Q be an abelian scheme, let » > 0 be an integer and
let p be a prime number. Then we say that A has semi-abelian reduction of
toric rank r at p if there exists a semi-abelian model A/Z, such that the
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fibre over I, has toric rank r. In the case r = 0, we also say that A has good
reduction at p. We say that A has bad reduction at p if it does not have good
reduction at p.

Lemma 44. Let A/Q be an abelian scheme, let r,r’" > 0 be integers and let p
be a prime number. Suppose that A has semi-abelian reduction of both toric
rank r and toric rank r’ at p. Then r =1,

Proof. Let A/Z) and A’/Zg be semi-abelian models as in definition
Remark that Z, is an integrally closed, noetherian, integral domain. By
definition A and A’ are smooth over Z,). Hence, because Spec Z,) contains
two points of which one is non-open, they are of finite type over Z,. Fur-
thermore A and A" are separated over Z,). Now we are in the position to
apply [0, prop. IX.3.2, p. 347]. As A and A’ are connected, they are both iso-
morphic to the fibrewise connected component of the identity of the Neron
model of A. In particular, A and A’ are isomorphic. The statement now
follows from lemma 40l ]

Next we will restate a statement about semistable curves we will need to use,
but first we need define some notions.

A multigraph I' is a tuple (V, E), where V is a finite set and E is a finite
multiset whose elements are multisets of cardinality 2 containing only ele-
ments of V. In other words, I' consists of a finite number of vertices, the
elements of V', and a finite number of edges, the elements of F, connecting
two vertices which do not necessarily need to be distinct. Also, there might
be multiple edges between two points.

Suppose that X is a semi-stable curve over some algebraically closed field
k. Then we will construct a multigraph, which will be called T'(X). TIts
vertices are the irreducible components of X. Every singular point is an
ordinary double point. Hence, it lies on exactly two components if counted
with multiplicity. The edges of I'(X) correspond to the singular points of X
and they connect the two irreducible components the singular point lies on.

Furthermore, for a multigraph I' = (V| F), the first cohomology group is
HYT,Z). Tt can be viewed in the following way. Suppose that each edge is
assigned an arbitrary orientation. Then H'(T',Z) is the subset of assignments
of integers to all edges of T, i.e. the subset of Z¥, such that at each vertex
the sum of the integers assigned to the incoming edges equals the sum of the
integers assigned to the outgoing edges. It is easy to check that this is unique

26



up to canonical isomorphism for the different choices of orientations on the
edges of T'.

Theorem 45 ([2, ex. 8, p. 246]). Let X be a semi-stable curve over a field
k. Then Picg(/k s canonically an extension of an abelian variety by a torus

T. The rank of the torus part T is equal to the rank of the cohomology group
HY(I'(Xp), Z).

Now we are ready to prove the main statement of this chapter.

Theorem 46. Let g > 1 be an integer. Let f € Z[x,s] be a homogeneous
polynomial of degree n = 2g+2. Let C = Z(y* — f(x,s)) inside the weighted
projective space Po(1,1,g+1)(z : s:y). Let p be an odd prime number such

that p | A(f) and p* ¥ A(f), where A is defined as on page [15. Then the
Jacobian PicOC/Q of C' has bad semi-abelian reduction of toric rank 1 at p.

Proof. Consider the model C = Z(y* — f(z,s)) C Pz, (1,1,g + 1)(z : s : y)
over SpecZ,). Let k be an algebraic closure of F,. Then the geometric
special fibre Cy has exactly one singular point, which is an ordinary double
point. Furthermore, f(z,s) is not a square in k[z,s], as this would yield
p? | A(f) because n > 4. Hence, y*> — f(z, s) is irreducible in k[z, s,y] and
Cy. is integral. Then I'(Cy) consists of 1 vertex and 1 edge that connects this
vertex with itself. In particular, we see that H'(T'(Cy,Z)) = Z. By theorem
we get that Picglc sk 1s an extension of an abelian variety by a torus of
rank 1. As Picgk /i 1s the connected component of the identity in Pice, g, it
is connected. Furthermore, it is smooth by [5, prop. 9.5.19, p. 285]. Hence,
it is semi-abelian of toric rank 1.

By lemma [15 the scheme C/Z,) is projective. By [3, th. 9.4.8, p. 263] the
scheme Pice/z , exists and is separated over SpecZ,. By [5, prop. 9.5.19,
p. 285] the scheme Pice/z,,, 1s smooth over SpecZ,). By [T, th. XII1.4.7, p.
647] the fibrewise connected component of the identity is represented by an
open subscheme Pich jz,, ©f Picesz, . Now Picg /7, 85 an open subscheme

of Pice/z, is separated and smooth over Z,). Its geometric fibres, Pic%q /q

and Picock k> Where ¢ is an algebraic closure of Q, are both semi-abelian, by
the previous paragraph and theorem [45] The latter fibre has toric rank 1.
Hence, Picl, /@ has semi-abelian reduction of toric rank 1 at p. By lemma
it must have bad reduction at p.
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Appendices

A Lang-Weil estimate

In 1954 Lang and Weil published their famous theorem estimating the num-
ber of rational points over a finite field on projective varieties. In the lit-
erature there are many varations of their theorem, but very often they are
stated without proof. Here we try to derive the statement we want to use
from the statements in their original paper.

First let us define some notions.

Definition 47. Let k be a field, n,s € Zs, integers. Let X C P} be
a reduced projective scheme such that all its irreducible components have
dimension s. Let V' C P2 be a linear subspace of P of the form Z(g1y--,9s),

where g1, ..., g5 are linear functions in the coordinates of P7. Suppose that
dim(V N X3) = 0. Then the degree of X is defined as

> dimg (Ox,p/(91,- - 95)) -

PEVNXy

Remark 48. One can show that for any reduced projective scheme X C P}
there exists such a linear subspace V' and furthermore that the quantity
Zpevmxg dimz Ox p/(91,--.,9s) does not depend on the choice of V. Fur-
thermore, this definition coincides with the definition where one defines the
degree as the number of intersection points with a linear subspace of dimen-
sion n — s in general position, and with the definition where one defines the
degree as a multiple of the leading coefficient of the Hilbert polynomial.

Example 49. Let k be a field. We will check that a hypersurface defined by
a non-zero square-free homogeneous polynomial f € k[xo, ..., x,] of degree
d > 0 has degree d. Consider the hypersurface X := Z(f) C Pi(zo: ... xy),
which has dimenson n — 1. Then after a linear change of coordinates we
may and will assume that f is not contained in k[zs,...,x,]. Let V be
Z(zg,...,x,) CPL Then VN Xz = Z(f,29,...,1,) C P} is isomorphic to
Z(g) C PL(xg @ x1), where g = f(x0,21,0,...,0) is non-zero, homogeneous
of degree d. Hence, V' N Xz contains finitely many points and for any point
P=(a:08:0:...:0) € CN Xz, the dimension dim; Ox p/(z2,...,2,), is
the number of times the factor (Sz¢ — ary) occurs in g. Hence, the sum of
these dimensions is d and the hypersurface Z(f) C P} has degree d.
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The following two results are from Lang and Weil’s paper.

Theorem 50 ([9, p. 819]). For each triple of non-negative integers (n,d,r)
there exists a constant A(n,d,r) such that for any finite field k and any
reduced absolutely irreducible projective scheme V' C P} of dimension r and
degree d we have

V(k) = q'| < (d=1)(d—2)g" % + A(n, d,r)g" ",

where q = |k|.

For any field k a positive cycle Z in P} of degree d > 0 and dimension 7 is
a finite formal sum ), a;V; with a; € Z-¢ of reduced irreducible projective
schemes V; C P} such that d = ). a; - degV; and dimV; = r for each i. A
point on Z is an element of (|J, V;)(k).

Lemma 51 ([9, p. 820]). There exists a constant Ay(n,d,r) depending only
onn,d and r such that for any finite field k and any positive cycle Z in P},
of degree d and of dimension v, Z has at most Ai(n,d,r) - q" points, where

q= k|

The two results can be combined into a theorem that we will use in our
estimates.

Theorem 52. Let non-constant homogeneous polynomials f,g1,...,Gm in
Zlzo, ..., x,] be given. Consider the scheme V' that is the closed subscheme
of UD+(gm) C P% given by f = 0. Let P be the set of primes for which
Z(f) C Py s absolutely irreducible, reduced and of dimension n — 1 and
V xz F, # 0. Then there exists a constant C' such that for any prime p € P

we have
3

V(E,) —p"7'| < Cp" 2.

Proof. Let p € P and let V, :=V xz F, C Py and let W, be the closed
subscheme Z(f) of Pi . Then W), is absolutely irreducible, reduced and of
dimension n — 1. Remark that the degree of W), is the degree of f. Hence,
by theorem [50| we know that W,(F,) has at most

P+ (deg(f) — 1)(deg(f) — 2)p" "2 + B(n, deg(f))p"

elements, where for w € Z we define B(n,w) := maxocicw A(n,d,n — 1),
which does not depend on p. In particular this is also an upper bound for

V()]
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On the other hand, W,(FF,) has at least

lp ="' — (deg(f) — 1)(deg(f) — 2)p" "% — B(n, deg(f))p" "

elements. Unfortunately not every point of W, is contained in V. For
jg=1....mlet T,; = Z(f,9;) C Pg . The points of W, that are not
contained in V, are in one of the T, ;. Hence, |V,(Fp)| =1, — [(U; Tp;)(Fp)|-

As 'V, # 0 we have T, ; € W,. In particular, the dimension of each irreducible
component of T}, ; is at most n—2 as W), is irreducible. On the other hand, it is
at least n—2 as it is a hypersurface in W,. Hence, each irreducible component
of T, ; has dimension n — 2. Furthermore, by Bézout’s theorem the degree of
T,.; is at most u; := deg(f) deg(g;) which does not depend on p. Consider
the cycle Z which is defined as the sum of the irreducible components of the
T,;. It has dimension n — 2 and degree at most u := ) ;u; and at least 0.
Hence, by lemma [52 we get that |J; 7),; has at most By(n,u) - p"~? points,
where we define By (n,u) := maxocg<y A1(n, d,n —2), which does not depend
on p.

If we combine the inequalities we get

V()| = p" ' (deg(f)—1)(deg(f)—2)p" 2 —(B(n., deg(f))+Bi(n,u))p" 2.

In particular, we get the inequality of the theorem statement if we choose C
to be (deg(f) — 1)(deg(f) — 2) + B(n, deg(f)) + By(n, ). =

Remark 53. By applying [15], tag 055A] to the generic point of SpecZ, we
see that P is either finite if Z(f) C Py does not have exactly one absolutely
irreducible component, or cofinite in the set of primes if Z(f) C Py has
exactly one absolutely irreducible component.
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