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Céline Maistret (Boston University)
Adam Morgan (Max-Planck-Institut für Mathematik)
Simone Muselli (University of Bristol)
Sarah Nowell (University College London)



What is a cluster picture? What can you do with a cluster picture? Cluster pictures in SageMath/LMFDB

Acknowledgements

We would like to thank:

Edgar Costa for technical assistance.

ICERM for hosting the virtual workshop ‘Arithmetic Geometry, Number
Theory, and Computation’ where this work has been done.

The numerous organisations that supported the individual members of
the group. A full list is in in our preprint, [ArXiv:2007.01749].



What is a cluster picture? What can you do with a cluster picture? Cluster pictures in SageMath/LMFDB

Outline

This talk will consist of three parts:

What is a cluster picture?

What can you do with a cluster picture?

Cluster pictures in SageMath and the LMFDB.

1 1
2 1 0
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Definitions

In this talk, K is a local field of odd residue characteristic p, e.g. K = Qp.
Let C/K be a hyperelliptic curve of genus g given by the equation

y 2 = c
∏
r∈R

(x − r), where R ⊂ K sep is finite.

Definition (cluster, depth)

A non-empty subset of s ⊂ R is called a cluster, if it is of the form D ∩R,
where D is some p-adic disc inside K sep. If |s| ≥ 2, then the valuation of the
radius of the smallest such disc D, is called the (absolute) depth ds of s.

Definition (parent, child)

If c ( p are two clusters, such that there is no cluster s with c ( s ( p, then
p is the parent of c, and c is a child of p.

Definition (relative depth)

For a cluster s ( R with parent p, the relative depth of s is δs := ds − dp. By
convention, we define δR = dR.
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Example

Consider C1 : y 2 = (x + 2)(x − 1)(x − 2)(x − 3)(x2 − 27) over Q3. It has the
following cluster picture:

1 1
2 1 0

Here, the red dots depict the individual roots inside R and the number
written next to each cluster, except for R, is its relative depth. The number
next to the big cluster R is the (absolute) depth of the cluster.

From the picture, it is immediately obvious that the Galois group has to fix
each cluster of size > 1.

Example

For C2 : y 2 = 3(x2 − 2)((x − 3)2 − 2)((x + 3)2 − 2) over Q3, we get:

1 1 0

Here, Frobenius swaps the two clusters of size 3, but the inertia group acts
trivially on the clusters.
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Reduction types

Theorem (potential good reduction, [Theorem 5.5])

The curve C has potential good reduction (i.e. it obtains good reduction
after an extension of the base field) if and only if there is no cluster s such
that 1 < |s| < 2g + 1. The Jacobian of C has potential good reduction if
and only if every cluster s 6= R has odd cardinality.

Example

Both C1 and C2, and the Jacobian of C1 do not have potential good
reduction, but the Jacobian of C2 does have potential good reduction, as all
the clusters except for R have size 1 or 3.

We can also determine from the cluster picture:

whether the curve C has good or semistable reduction,

whether the Jacobian of C has good or semistable reduction,

the potential toric rank of the Jacobian J of C (i.e. the dimension of the
toric part of J, after a base extension which makes J semi-abelian).
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Minimal regular model

Example

Consider C1 : y 2 = f (x) = (x + 2)(x − 1)(x − 2)(x − 3)(x2 − 27) over Q3,
and consider the cluster s = {−2, 1} of depth ds = 1. We then define

fs(x) = 1
9
f (3ds · x + 1) = 1

9
· 3x(3x + 3)(3x − 1)(3x − 2)((3x − 1)2 − 27),

where this factor 1
9

is exactly chosen in such a way to make each of the
factors primitive (i.e. the coefficients lie in OK , but not all in mK ).

1 1
2 1 0

We consider the subscheme of A2
OK

given by y 2 = fs(x). We let Us be the
open subscheme obtained by removing the points in the special fibre
corresponding to double roots of fs.

We can define such a scheme Us for any cluster s. We can glue them to
some other schemes Ws and UP,s to obtain a regular model of C over OK ,
when C is semistable. It is exactly understood which components to blow
down to obtain a minimal regular model. The dual graph, and the reduction
map to the special fibre can all be expressed in terms of the cluster picture.
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Conductor

Definition (even/übereven cluster)

A cluster s is called even if |s| is even. Moreover, s is called übereven if all
children of s are even.

Theorem (conductor, [Theorem 12.1])

Suppose C/K is semistable. The valuation of the conductor of Jac(C) equals

nC =

{
|A| − 1 if R is übereven,

|A| otherwise,

where A = {even clusters s 6= R | s is not übereven}.

Example

Consider a curve with the following cluster picture:

Then A consists of the three clusters of size 2. The cluster of size 4 and R
are both übereven. Hence, the conductor exponent equals |A| − 1 = 2.
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Differentials

Let C/OK be a regular model. The standard differentials ωi = x i dx
y

typically

do not give rise to generators for ωC/OK
(C) (i.e. the differentials used in the

definition of the period in the BSD formula). However, there does exist a
scalar ω◦

ω
∈ K∗ such that

ω◦0 ∧ · · · ∧ ω◦g−1 =
ω◦

ω
· ω0 ∧ · · · ∧ ωg−1 in

g∧
Ω1

C/K (C),

where ω◦0 , . . . , ω
◦
g−1 is a basis of ωC/OK

(C).

Theorem (differentials, [Theorem 14.6])

Suppose C is semistable. Then

8 · valK

(
ω◦

ω

)
= 4g · valK (c) +

∑
s

|s| is even

δs(|s| − 2)|s|+
∑
s

|s| is odd

δs(|s| − 1)2.

In fact, we can explicitly describe generators for ωC/OK
(C) in terms of

ω0, . . . , ωg−1, and data extracted from the cluster picture of C .
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Disriminant and minimal discriminant

Theorem (discriminant and minimal discriminant, [Theorem 15.1/15.2])

The valuation of the discriminant of the defining model for C is

valK (∆C ) = valK (c)(4g + 2) +
∑
s

δs |s|(|s| − 1).

If C/K is semistable and the residue field of K has more than 2g + 1
elements, then

valK (∆C )− valK (∆min
C )

4g + 2
= valK (c)− E +

∑
s

|s|>g+1

δs(|s| − g − 1),

where E = 0 unless there are two clusters of size g + 1 that are swapped by
Frobenius and valK (c) is odd, in which case E = 1.

Example

For C2 : y 2 = 3(x2 − 2)((x − 3)2 − 2)((x + 3)2 − 2) of genus 2 over Q3,

1 1 0

we get valK (∆C ) = 10 + 0 + 6 + 6 = 22 and valK (∆min
C ) = 22 as well.
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Other things

Some other things that can be computed using cluster pictures:

minimal regular strict normal crossings model (tame reduction case),

Tamagawa numbers (semistable reduction case),

decomposition of the `-adic Galois representation H1
ét(C/K ,Q`) (when `

is invertible in the residue field),

tame and wild part of the conductor exponent in the non-semistable
case,

root numbers, i.e. the sign occurring in the conjectured functional
equation for the L-function of Jac(C) (tame reduction case),

different criteria to determine if a model is a minimal Weierstraß model.
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Implementation in SageMath

Together with Alex J. Best, I implemented a package for SageMath.

The code can be found at github.com/alexjbest/cluster-pictures.

github.com/alexjbest/cluster-pictures
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Example from a paper by L. Alexander Betts
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Cluster pictures in the LMFDB

Cluster pictures have been computed for the following curves in the LMFDB:

elliptic curves over Q,

elliptic curves over number fields,

curves of genus 2 over Q.

For the curves of genus 2, they are already visible on the webpages.
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