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This talk will consist of three parts:
@ What is a cluster picture?
@ What can you do with a cluster picture?
o Cluster pictures in SageMath and the LMFDB.




What is a cluster picture?
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Definitions

In this talk, K is a local field of odd residue characteristic p, e.g. K = Q,.
Let C/K be a hyperelliptic curve of genus g given by the equation

yi=c H (x—=r), where R C K*P is finite.

rerR

Definition (cluster, depth)

A non-empty subset of s C R is called a cluster, if it is of the form D NR,
where D is some p-adic disc inside K*°P. If |s| > 2, then the valuation of the
radius of the smallest such disc D, is called the (absolute) depth ds of s.

Definition (parent, child)

If ¢ C p are two clusters, such that there is no cluster s with ¢ C s C p, then
p is the parent of ¢, and ¢ is a child of p.

Definition (relative depth)

For a cluster s C R with parent p, the relative depth of s is s := ds — d,. By
convention, we define dr = dr.




What is a cluster picture?
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Example

Consider Ci: y* = (x +2)(x — 1)(x — 2)(x — 3)(x* — 27) over Q3. It has the
following cluster picture:

°@, e,

Yo
Here, the red dots depict the individual roots inside R and the number

written next to each cluster, except for R, is its relative depth. The number
next to the big cluster R is the (absolute) depth of the cluster.

From the picture, it is immediately obvious that the Galois group has to fix
each cluster of size > 1.

For Go: y? = 3(x* — 2)((x — 3)® — 2)((x + 3)? — 2) over Qs, we get:

@o9 @09

Here, Frobenius swaps the two clusters of size 3, but the inertia group acts
trivially on the clusters.

0




What can you do with a cluster picture?
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Reduction types

Theorem (potential good reduction, [Theorem 5.5])

The curve C has potential good reduction (i.e. it obtains good reduction
after an extension of the base field) if and only if there is no cluster s such
that 1 < |s| < 2g + 1. The Jacobian of C has potential good reduction if
and only if every cluster s # R has odd cardinality.

Both C; and G, and the Jacobian of C; do not have potential good
reduction, but the Jacobian of C, does have potential good reduction, as all
the clusters except for R have size 1 or 3.

We can also determine from the cluster picture:
@ whether the curve C has good or semistable reduction,
@ whether the Jacobian of C has good or semistable reduction,

e the potential toric rank of the Jacobian J of C (i.e. the dimension of the
toric part of J, after a base extension which makes J semi-abelian).
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Minimal regular model

Example
Consider Ci: y? = f(x) = (x + 2)(x — 1)(x — 2)(x — 3)(x* — 27) over Qs,
and consider the cluster s = {—2,1} of depth d; = 1. We then define

fo(x) = (3% - x+1) = L - 3x(3x + 3)(3x — 1)(3x — 2)((3x — 1)* — 27),
1

where this factor § is exactly chosen in such a way to make each of the
factors primitive (i.e. the coefficients lie in Ok, but not all in mg).

We consider the subscheme of A%K given by y? = fi(x). We let Us be the
open subscheme obtained by removing the points in the special fibre
corresponding to double roots of fs.

We can define such a scheme U, for any cluster s. We can glue them to
some other schemes W; and Up ; to obtain a regular model of C over Ok,
when C is semistable. It is exactly understood which components to blow
down to obtain a minimal regular model. The dual graph, and the reduction
map to the special fibre can all be expressed in terms of the cluster picture.
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Conductor

Definition (even/libereven cluster)

A cluster s is called even if |s| is even. Moreover, s is called ibereven if all
children of s are even.

Theorem (conductor,

Suppose C/K is semistable. The valuation of the conductor of Jac(C) equals

|A| =1 if R is ibereven,
|A| otherwise,

where A = {even clusters s # R | s is not Gbereven}.

Example

| A

Consider a curve with the following cluster picture:

Then A consists of the three clusters of size 2. The cluster of size 4 and R
are both iibereven. Hence, the conductor exponent equals |A| — 1 = 2.
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Differentials

Let C/Ok be a regular model. The standard differentials w; = x' & dX typically

do not give rise to generators for we, o, (C) (i.e. the differentials used in the
definition of the period in the BSD formula). However, there does exist a
scalar = € K* such that

o

g
wg/\---/\w;_lz%~wo/\-~/\wg,1 in /\QIC/K(C)

where wg, ..., wg_1 is a basis of we o, (C).

Theorem (differentials, [Theorem 14.6])

Suppose C is semistable. Then

8- valK< >—4g valk(c) + Z 0s(|s| — 2)|s| + Z 8s(|s| — 1)%.

|s] zs even |s| 19 odd

In fact, we can explicitly describe generators for we /o, (C) in terms of
wo, - .. ,wg—1, and data extracted from the cluster picture of C.
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Disriminant and minimal discriminant

Theorem (discriminant and minimal discriminant, [Theorem 15.1/15.2])

The valuation of the discriminant of the defining model for C is

valg(Ac) = valk(c)(4g +2) + > _ dsls|(|s| — 1).

If C/K is semistable and the residue field of K has more than 2g + 1
elements, then
valk (Ac) — valg (AT")
4g +2

=valg(c) — E+ Z ds(]s| —g — 1),

5
|s[>g+1

where E = 0 unless there are two clusters of size g + 1 that are swapped by
Frobenius and valk(c) is odd, in which case E = 1.

For Go: y* = 3(x* — 2)((x — 3)* — 2)((x + 3)® — 2) of genus 2 over Qs,
@909 @09

0

we get valx(Ac) = 10+ 0 + 6 4+ 6 = 22 and valx(AZ™) = 22 as well.
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Other things

Some other things that can be computed using cluster pictures:

minimal regular strict normal crossings model (tame reduction case),
Tamagawa numbers (semistable reduction case),

decomposition of the f-adic Galois representation H, (C/K,Q¢) (when £
is invertible in the residue field),

tame and wild part of the conductor exponent in the non-semistable
case,

root numbers, i.e. the sign occurring in the conjectured functional
equation for the L-function of Jac(C) (tame reduction case),

different criteria to determine if a model is a minimal WeierstraB model.
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Implementation in SageMath

Together with Alex J. Best, | implemented a package for SageMath.

The code can be found at github.com/alexjbest/cluster-pictures.


github.com/alexjbest/cluster-pictures

Cluster picture: SageMat
O®00000000000

In [3]: Slide Type -

from sage cluster pictures.cluster pictures import *
Qp(5)

polygen(K)

HyperellipticCurve((x"2 + 572)*(x"2 - 5715)*(x - 576)*(x - 5%6 - 5°9))
Cluster. from_curve (H)

view(R)

x
H

out[3]

Slide Type  Slide -
Creating clusters
From roots:

In [3]: Slide Type ]
view(Cluster.from_roots([K(1), K(2), K(5), K(18), K(25), K(58)1))

sopewo)

0
Siide Type M
From valuations
V== D= 2)x = 3 — pHlx - p ) +p')
In [4]: Slide Type -
view(Cluster([[oo, 0,

0
0, 00, ©
[0, ®, o
0

0

[}

o,
[e, o,
o,

Out[4]:




Basic properties

Cluster pictures in SageMat!
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Slide Type | Side ]

Slide Type - |

Siide Type - 7
Slide Type ]
Siide Type N

In [5]:
print(R.children())
[Cluster with 4 roots and 2 children, Cluster with 1 roots and ® children, Cluster with 1 roots and @ children]
In [6]
unicode art(D) for D in R.all descendents()
out[6]: ['(((e®) 3/2 (e®) 3) 508 1",
‘({0 ®)_3/2 (e)3) 5,
‘(o @) 372",
‘e,
‘e’
‘(o @) 3",
‘e,
[P
.
‘e']
In [7):
R.is_semistable(K)
out[7]: True
In [4]:

(R.jacobian_has_potentially good reduction(), R.potential toric_rank())

out[4]: (False, 2)
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In [11]: Siide Type Slide
T = R.BY tree(); T
0ut[11]: By tree with 1 yellow vertices, 3 blue vertices, 3 yellow edges, 0 blue edges
6 10
3
In [12]: Slide Type I

T.vertices()

out[12]: [cluster with 6 roots and 3 children,
Cluster with 4 roots and 2 children,
Cluster with 2 roots and 2 children,
Cluster with 2 roots and 2 children]
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Slide Type  Slide ]
Via the cluster picture and the homology of the dual graph of the special fibre
In [13]: Slide Type - -]
R.root_number ()
t[1 1
Slide Type 7
Via the assoclated BY-tree:
In [14] Slide Type M
R.tamagawa_number ()
Out[14]: 108
In [15] Slide Type ]

T, F = R.BY_tree(with_frob=True)
T.tamagawa number (F)

108




Cluster pictu
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FIGURE 1. The BY tree associated to X

+e .

In this diagram, the whole graph represents the tree 7', while the blue/solid
vertices represent the vertices of S (which has no edges in this example) — by con-
trast, the vertices of 7' not in S are represented by yellow/open circles and the
edges of T not in S are represented by yellow/squiggly lines. The lengths of the
edges are indicated by the parameters a, b and ¢, while the signed automorphism
is indicated both with double-headed arrows for the underlying unsigned automor-
phism of (7, S) (which here has order 2) and with =+ signs next to each connected
component'? of T\'S (so here the sign is +).

Since T\S is connected, there is only one term in the formula from theorem 3.0.1,
and since €(C;) = +1 for the unique component C;, we have (17, 5}) = (T, S) and
¢1,; = 1. By inspection, Q; = 2 and the quotient tree T}, along with its subgraph
S}, are given by the following diagram

where again the blue/solid vertices indicate the subset S’ C T” and the labels
indicate edge-lengths. The removal of any two of the three edges of this graph
disconnects the three points of S’ from one another, and hence the formula in
theorem 3.0.1 provides that the Tamagawa number of X is

cx, =2 (ub + I)% + ga) = 2ab + be + ca.

Example from a paper by L. Alexander Betts
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In [40]: SideType Side ]

a, b, ¢ =var('ab c', domain="positive")
R = Cluster([[oo, a/2, ©, ©, 0, 6, 0, 0],

[a/2, 00, ©, ©, 6, 0, 6, 0],

[0, 6, oo, b/2, 8, 0, 6, 0],

[0, 6, b/2, 00, 6, 0, 6, 0],

[e, o, o, o, oo, c/2, 0, @],

fe, o, o, o, ¢/2, 00, 0, 0],

[6, o o, 6, 6, 8, oo, c/2],

[6, o, 6, 0, 0, 0, c/2, oo, ])
A,B = [x for x in R.children() if x.depth() in {a/2, b/2}]
€1,C2 = [x for x in R.children() if x.depth() == c¢/2]
T = R.BY_tree(); T
BY tree with 1 yellow vertices, 4 blue vertices, 4 yellow edges, 0 blue edges

@) c

a
b
¢ O
In [44]: Slide Type .

F = BYTreeIsomorphism(T, T,
lambda x: {A:A, B:B, C1:C2, €2:C1, R:R}[x],
lambda Y: 1)

T.tamagawa_number (F

0utl44]: 2 ab + ac + be
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Cluster pictures in the LMFDB

Cluster pictures have been computed for the following curves in the LMFDB:
o elliptic curves over Q,
@ elliptic curves over number fields,
@ curves of genus 2 over Q.

For the curves of genus 2, they are already visible on the webpages.



Cluster pictures in SageMath/LMFDB
[e]e]o]e]e]e]e]e] lelele]e]

Q: 0 - Genus 2 curves » Q - 39690 —» a —» 277830 — 1 Feedback - Hide Menu
MFD|
Genus 2 curve 39690.a.277830.1
Intreduction Show commands for: SageMath / Magma | Properties ®
ErERIEDy e Minimal equation Label 39690.2.277830.1
Universe  Knowledge ) R
V(@ oy = 5 Te 3415 (homogen

L-functions
Degree 1 Degree2  INVariants
PEIERE DEYERS Conductor: N 30600 2.3t5.7
¢ zeros Discriminant: A 277830 2.30.5.7%
Modular forms i i

Igusa-Clebsch invariants Conductor 30600
Classical Maass I — 2304 — 2832 Discriminant 277830
Hilbert  Bianchi L = mam R TerTT] Mordell-Weil group  Z
Varieties Iy = 241801497 = 3726876833 Sato-Tate group USp(4)

Lo = -111320 = -2.3.5.7 End(Jg) &R "
Elliptic curves over End(/) ® Q
Elliptic curves over Q(a) (lgusa invariants, G2 invariants) End(J) @ Q
Genus 2 curves over . -simple
Higher genus families  AMtomorphism group GLr-type
Abelian varieties over ¥,  Aut(X) =~ Related objects

Fields Aut(Xg) = Isogeny class 39690.a
. . Twists
RmliariiEis Rational points A

pradic fields

All points: (1:0:0), (1: —1:0), (5:20:4), (5: —225: 4]
Representations ~Lpomts: ( ): ( ). ¢ ). ( ) Learn more about
B e Number of rational Weierstrass points: 0 Completeness of the data
Source of the data
Reliability of the data

Genus 2 curve labels

EUUULERESS ERES This curve is locally solvable everywhere.

ELD Mordell-Weil group of the Jacobian

Galois groups
Sato-Tate groups Group structure:

Generator Dy Height Order

Dp—(1:-1:0)— (1:0:0) 22°+ 2=

=0, y = —T245° 0042240 oo

2-torsion field: 6.2.576108288000.65

BSD invariants

Hasse-Weil coniecture:  unverified
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C: 0O - Genus 2 curves - Q —» 39690 »a - 277830 > 1 Feedback - Hide Menu
YPE  Genus 2 curve 39690.a.277830.1
Introduction Show commands for: SageMath / Magma | Properties @
Overview  Random Simplified equation Label 39690.2.277830.1

Universe  Knowledge
L-functions

Degree 1  Degree 2
Degree 3  Degree 4
¢ zeros

Modular forms
Classical ~ Maass
Hilbert Bianchi
Varieties

Elliptic curves over
Elliptic curves over Q(a)
Genus 2 curves over
Higher genus families
Abelian varieties over F,
Fields

Number fields

p-adic fields

Representations

Dirichlet characters

Artin representations
Groups

Galois groups
Sato-1

te groups

20 4 42 + 2% — 203 — 2722 + 122+ 60  (minimize, homogenize)

Invariants
Conductor: N = 30600 = 2-3.5.7
Discriminant: A = 277830 = 2:3'.5.7°

Igusa-Clebsch invariants

Conductor 39690
L = 2304 2.3 Discriminant 277830
L - 484 25,32 11541 Mordell-Weil group =
I = 241801407 3%. 20876833 g oUE =)
L, = -11113% —9.3t5. 7 End(/g) & 2
End(Jz) ® @
(lgusa invariants, G2 invariants) End(J) @ Q
T-simple
Automorphism group GL,-type
Aut(X) =

Related objects

Aut(Xz) = 1sogeny class 39690.a
. . Twists
Rational points
L-function

All points: (1:0:0), (1: ~1:0), (5:20: 4), (

Learn more about
Number of rational Weierstrass points: 0 Completeness of the data
Source of the data
Reliability of the data
Mordell-Weil group of the Jacobian Genus 2 curve labels

This curve is locally solvable everywhere.

Group structure:

Generator D, Height Order
Do—(1:—1:0)—(1:0:0) 22’ +as—7:2 = 0, 2y = —Te?+5: 0.042240 oo

2-torsion field: 6.2.576108288000.65

BSD invariants

Hasse-Weil conjecture:  unverified
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2-torsion field: 6.2.576108288000.65

BSD invariants

Hasse-Weil conjecture: unverified

Analytic rank: 1
Mordell-Weil rank: 1

2-Selmer rank: 1

Requlatol 0.042240

Real period: 11.33844
Tamagawa product: 2

Torsion order: 1

Leading coefficient: 0.957883
Analytic order of LL: 1 (rounded)
Order of LLI: square

Local invariants

Prime ord(V) ord(4) Tamagawa L-factor

Cluster picture

2 1 1 1 (1+T)(1+27%)

3 4 4 1 1+ T +372 CeecEo)
5001 1 1 (1=T)(1+2T +5T?)

T2 3 2 (1+T) [aocomaCoD)

Sato-Tate group

ST ~ USp(4)
ST’ =~ USp(4)

Decomposition of the Jacobian

Simple over

Endomorphisms of the Jacobian

Not of GLz-type over ¢

Endomorphism ring over Q:
End(J) ~ z
End(/)®Q ~
End(J)e R =~ E

Al andamarnhicme af tha lacnhisn arn definad auar o
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Prime ord(N) ord(a) Tamagawa L-factor Cluster picture
2 1 1 1 (14+T)(1+27%)
3 4 4 1 14T 4372 [

Datafo  clusterpicture
Cluster picture c3c3_2~3 0

Goces9,

Depth: 0

Size: 6

Potential toric rank of reduction of curve: 0
Potential good reduction of curve: False
Potential good reduction of Jacobian: True

permalink - (awaitng review)
5 1 1 1 (1-T)(1+ 2T +5T%)
Data for  clusterpicture
Cluster picture c4c2_1~2_0

I op)

Depth: 0

Size: 6

Potential toric rank of reduction of curve: 1
Potential good reduction of curve: False
Potential good reduction of Jacobian: False

‘permalink - (awating review)

7 2 3 2 a+71y?

Oata fora clster picture
Cluster picture c2c2_1~2¢2 1 0

@o0@9.69

Depth: 0

Size: 6

Potential toric rank of reduction of curve: 2
Potential good reduction of curve: False
Potential good reduction of Jacobian: False

permalink - (awaiting review)

Cluster pictures for curve 39690.a.277830.1
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Prime ord(N) ord(a) Tamagawa L-factor Cluster picture

s 4+ 6 s 1T [GRic==»D)

Data for a cluster picture

Cluster picture cc2_1~2clc3_1~6_1~3_0

Depth: 0

Size: 6

Potential toric rank of reduction of curve: 1
Potential good reduction of curve: False
Potential good reduction of Jacobian: False

‘permalink - (awaiting review)

5 1 1 1 (1-T)1-T+57?) (@Eseew

Dsta for a cluster picture
Cluster picture cd4c2_1~2_0

@eeo@d,

d
Depth: 0

Size: 6

Potential toric rank of reduction of curve: 1
Potential good reduction of curve: False
Potential good reduction of Jacobian: False

permalink - (awating review)
72 2 1 1412 e
Osta for a clustr pcture

Cluster picture c2c2_1~2c2_1~2 0

Depth: 0

Size: 6

Potential toric rank of reduction of curve: 2
Potential good reduction of curve: False
Potential good reduction of Jacobian: False

permalink - (awaiting review)

Cluster pictures for curve 19845.b.178605.1
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